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CLARK OCONE FORMULA AND VARIATIONAL 
REPRESENTATION FOR POISSON FUNCTIONALS 

By Xicheng Zhang 1 

University of New South Wales and 
Huazhong University of Science and Technology 

In this paper we first prove a Clark-Ocone formula for any bounded 
measurable functional on Poisson space. Then using this formula, un- 
der some conditions on the intensity measure of Poisson random mea- 
sure, we prove a variational representation formula for the Laplace 
transform of bounded Poisson functionals, which has been conjec- 
tured by Dupuis and Ellis [A Weak Convergence Approach to the 
Theory of Large Deviations (1997) Wiley], p. 122. 



1. Introduction. Let W be a standard d-dimensional Brownian motion. 
The following elegant formula for the Laplace transform of a bounded and 
measurable functional F of Brownian motion was first established by Boue 
and Dupuis [1]: 



(1) 



logE[e~ 



infE 



1 



- / v s ds J +^J q \v s \ 2 ds 



where the infimum is taken for all processes v that are progressively measur- 
able with respect to the augmented filtration generated by Brownian motion. 
This result was later extended to Hilbert space-valued Brownian motion by 
Budhiraja and Dupuis [3]. Furthermore, the author in [21] extended this 
representation to the abstract Wiener space, and gave a simplified proof by 
using Clark— Ocone's formula. This formula has proven to be useful in deriv- 
ing various asymptotic results in large deviations (cf. [1, 2, 3, 16, 17, 18]). 

For Poisson functionals, a similar representation formula has been conjec- 
tured by Dupuis and Ellis in [4], page 122, from the background of control 
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theory: 

-logE[e~ F ; 

= infE 



1 

[<j>(y, t) log </>(y, t) - cP(y, t) + l]v m {dy) dt + F{X) 

JR d 



where the infimum is taken over all suitable controls 4>, and X is a controlled 
Markov process with jump defined by the generator 

i [f(x + y)-f(x)]<P(y,t)u x (dy). 

Here, v x {dy) is the jump intensity of a Markov process. 

However, there is no rigorous proof for this variational formula up to 
now. In the present paper we will attempt to give a rigorous proof in a more 
general setting. Roughly speaking, let (fi,P) be the canonical Poisson space 
(simple configuration space over [0,1] x M. d ) and v an intensity measure on 
M. d . For any bounded random variable F on Q, we want to prove that 



logE(e~ F ) =infE 



/o 



[4>(y, t) log <t>{y, t) - <P(y, t) + l]v(dy) dt + FoT' 



where the infimum runs over some classes of predictable processes, and TT 
is a predictable transformation on Q associated with <j). 

In contrast to the Wiener space case, the main difficulty of proving this 
formula comes from the nonlinearity of Poisson space. In particular, the 
Girsanov theorem for the Poisson measure is related to some nonlinear in- 
vertible and predictable transformations on M. d (cf. [5], Theorem 3.10.21). 
Indeed, the definition of the above depends on solving a mass trans- 
portation problem or the classical Monge- Ampere equation. More precisely, 
to a given positive function <fi, we need to seek an invertible transformation 
x i— > y(x) of M. d such that, for all test functions / E Co(IR rf ), 

f{y{x))v{dx) = I f(x)(j)(x)v{dx), 

which is formally equivalent to solving the following nonlinear PDE in the 
case of v{dx) = 9{x) dx: 

Oiy^ix)) ■ det(Vy~ 1 (x)) = 6(x)</>(x). 

For an optimal mass transportation problem, we refer to the book of Villani 
[20]. Since our problem has no constraint conditions on y, an easy solu- 
tion can be constructed when v has full support and no charges on d — 1- 
dimensional subspaces, and satisfies an extra mild assumption. More detailed 
discussions are given in Section 5. 
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In order to prove the above variational representation formula, the first 
step is to establish the following Clark-Ocone formula: for any bounded 
functional F, 

F = EF+ f 1 [ p D [u , t) Ffi(du,dt), 
Jo Ju 

where /2 is the compensated Poisson random measure, P D^ U ^F is the pre- 
dictable projection of D^ U ^F and D is the difference operator [see (6) below]. 
The proof of this formula depends on an integration by parts formula given 
in Picard [11, 12]. Although there are many martingale representation for- 
mulas for Poisson functionals (e.g., see [8, 9, 13]), the well-known results are 
mainly concentrated on the representation for functionals in the first order 
Sobolev space by using the Chaos decomposition. The main point for us is 
that p D^ u t ^F is a bounded predictable process. 

This paper is organized as follows: In Section 2 some notation and nec- 
essary lemmas are given as preliminaries. In Section 3 we prove the Clark- 
Ocone formula for bounded Poisson functionals. In Section 4 we shall prove 
two variational representation formulas for Poission functionals. One (Theo- 
rem 4.4 below) is weaker, and needs no assumption. Another (Theorem 4.11 
below) is stronger, and needs to work in a locally compact metric space, and 
also requires some extra assumptions [see (HI) and (H2) below]. In Section 5 
we discuss these two extra assumptions, and give a solution when U = M d 
and the intensity v satisfies certain assumptions. 

2. Preliminaries. Let U be a Lusin space, that is, a Hausdorff space 
that is the image of a Polish space under a continuous bijection. We fix 
a er-finite and infinite measure v on (U, £>(U)). Since U x [0,1] is still a 
Lusin space and has the same cardinality with M, it is well known that 
(Ux [0,1], 6(Ox [0,1])) is isomorphic to ([0, 1], B([0, 1])) (cf. [6], Proposition 
8.6.12, and [10], Theorem 2.12). This property was used in the proof of [12], 
Theorem 1, and so in [11], Lemma 1.4 (see Theorem 3.2 below), which will 
be our basis for subsequent proofs. 

Let f2 be the space of all integer- valued measures lu on U x [0,1] such 
that uj({u,t}) < 1 for any (u,t) G U x [0,1], and oj{A x [0,1]) < +co for 
any A G £>(U) with v{A) < co. The canonical random measure on O, is then 
defined by 

fjkj(A x (0,i]) :=co(A x (0,t]), t G [0, 1],A G <B(U). 

The filtration (F^telo,!] is defined by 

Tt := a{^(A x (0, s]):s<t,Ae B(U)}. 

We shall simply write T\ as T. Let P be the probability measure on 

such that Poisson random measure with the intensity measure u{du). 
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That is, for any A G B(U) and t G [0, 1], the random variable u \—> fJ, u (A x 
(0, t]) is a Poisson random variable with mean v(A) ■ t, and u i— » // w (Ji x Aj) 
are independent if the sets Ii x Aj are disjoint. We shall also denote by pL u the 
compensated Poisson random measure [i u — it, where 7r(du, dt) := v(du) x dt, 
and dt is the Lebesgue measure on [0, 1]. 

Let be the completion of Tt with respect to P, then (Q, J^, P; (3t)t£\o,i\ ) 
forms a complete filtration probability space. We shall denote by V the pre- 
dictable cr-field associated with (J~f)te[o,i]i which is generated by all left 
continuous jFf-adapted processes. For the simplicity of notation, we shall 
write for p G [1, oo] 

L p :=L p (Ox [0,1] xH,B(Ox [0,1]) x^ p ,vrxP) 

and 

17 V :=L P (U x [0,1] x n,B(U) xV,vxdtx P). 
Let be the linear span of the following simple processes: 

(2) (j){u,t,uj) := l(t , tl ](t) -g(u,uj), 

where < to < t± < 1 and g is bounded and S(U) x Tt Q -measurable and 
satisfies 

(3) g(u, uj) ■ lye (u) = for some U G B(U) with u(U) < +oo. 



Remark 2.1. For g G B(U) x J-f , by the monotone class theorem, we 
can find a g G B(U) x ^ such that g = g, v x P-a.s. 

The following lemma is standard. The construction will also be used in 
the proof of Lemma 4.8 below. 

Lemma 2.2. ^ is dense in Lip for any p G [1, oo). 

Proof. We sketch the proof. Let <j> G Lip. For e G (0, 1/2), we first extend 
4> to [— 2e,0] by setting <p(u,t,uj) = for t G [— 2e,0], and then define 

4>Ju,t,uj) := / / 4>(u,r,uj)drds, t G [0, 1]. 

Obviously, £ i— » 4> £ (u,t,oj) is a continuous differentiable and .Ff -adapted pro- 
cess, and satisfies 

rl ,1 

|<^(u,i,u;)| p cii< / |^(u,t,o;)| p di, 
Jo 

|&(«, i, w) \ p dt < — J |0(u, t, u>) \ p dt. 
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Second, for eS (0,1/2) and n € N, we define 

(f) E>n (u,t,u;) := l (kn-i,(k+i)n-i](t) ■ (keiu^kn' 1 ^). 
k=0 

Then 

1 A 

\(f> £:n {u,t,uj)\ p dt< sup \Mu,t,co)\ p < / \<f/ e (u,t,u)\ p dt. 
o te[o,i] Jo 

Last, let (C/ m ) mg N be an increasing sequence of Borel subsets of U such 
that IJm U m = U and u{Um) < +oo, and define 

4>™(u, kn~ l ,u) := (— m) V (4> £ (u, kn~ l ,uj) Am) ■ lu m ( u )- 



By the diagonalization method and the dominated convergence theorem, we 

v 

*"P 



may find the desired approximation in JJL by Remark 2.1. □ 



We recall the notion about the relative entropy as follows (cf. [4]). 

Definition 2.3. Let &>(p,) denote the set of all probability measures 
defined on (fl, J-). For 7 £ the relative entropy function i?(-||7) is a 

mapping from into MUoo given by 

i?(y|| 7 ) : =E^ (log d 



dy J ' 

whenever 7' € is absolutely continuous with respect to 7 such that 

the above integral is finite, where E 7 denotes the expectation with respect 
to 7'. In all other cases, i2( 7 '|| 7 ) := 00. 

The following proposition can be found in [4], Proposition 1.4.2. 

Proposition 2.4. Let 7 e ^(O), and F a bounded random variable on 

(i) We have the following variational formula: 

-logE 7 (e- F ) = inf [E( 7 '||7)+E 7 '(F)]. 

(ii) T/ie infimum in (i) is uniquely attained at the probability measure 
70 defined by 

(4) 7 (da;) = e- F ^VE 7 (e- F )-7(dw). 



G 
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The following contents will be used in the second part of Section 4. In 
order to prove the variational representation formula for Poisson functionals, 
we need to endow £1 with a suitable topology such that O becomes a Polish 
space. For this, we assume that U is a noncompact locally compact connected 
complete metric space, and v is a Radon measure on U. Let C C (U x [0, 1]) 
denote the set of all continuous functions on U x [0, 1] with compact supports. 
The topology on Q is taken as the weakest topology such that, for any 
/ 6 C C (D x [0, 1]), the function 

(5) u (->• (/, Hw) := ( I f(u,t)(i u (du,dt)= V f(u,t) 

Jo Jv , , s 

is continuous, where supp(w) is the support of integer- valued Radon measure 
lu, and the sum only has finite terms. By [15], Theorem 1.8, Q is a Polish 
space under the above topology. 

The following result can be found in [1], Lemma 2.8. 

Lemma 2.5. Let 7 G ^(O) and {'y n ,n€ N} C &>{Q) satisfy 

sup J R(7 n ||7) < +oo. 

neN 

(i) If {Ff., k 6 N} is a sequence of uniformly bounded random variables 
converging to F, j-a.s., then 

lim supE 7?l |F fc -F\ = 0. 

(ii) If 7„ converges weakly to the probability measure 7, then for any 
bounded random variable F on (f2,.F) 

lim E^IF) =E 7 (F). 

n— >oo 

Let C be the set of all cylindrical functions on with the form 
F(u) := fc(</l,/0> ■ ■ • » (fniHu,)), h G C c °°(M n ), ft G C C {V x [0, 1]). 
We also need the following standard result. 

Lemma 2.6. Let F be a bounded random variable on (f2,.F p ,P). Then 
there exists a family of functions F n £C with sup n ||-F n ||oo < Halloo such that 
for F-almost all uj 

F n (ui) — *■ F(u), as 00. 
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Proof. We sketch it. Let C (U x [0, 1]) be the completion of C C (U x 
[0, 1]) with respect to the uniform norm, which is then a separable Banach 
space. Let {fi, i € N} C C C (U x [0, 1]) be a countable dense subset of Co(U x 
[0,1]). We define Q n :=a{{f i ,/i u ) i i = l,...,n}. Then QP|Q^ = ^ p . First, 
let G n := E(i ? |Q n ), then there exists some bounded measurable function g n 
on M. n such that 

G n (u) =h n ((f 1 ,fi U) ),...,(f n ,n UJ )). 

Next, using the usual localizing and mollifying techniques, we may approach 
h n by h n ± € C£°(M. n ). By the diagonalization method and extracting some 
subsequence if necessary, we then get the desired approximation sequence. 
□ 

3. Clark Ocone formula. Let us first recall some definitions about the 
difference operator given in [11, 12]. For a fixed (u,t) € U x [0,1], define 
the transformation ^ and e~^ u ^ on f2 by removing and adding a mass as 
follows: for A € £(U x [0,1]), 

(e^ t) u)(A) :=^n{(n,f) 

and 

It is clear that (u,t,u>) i—te^^u) are B(V x [0, 1]) x .^/.F^-measurable. 
For a functional F on $7, the difference operator D is defined by 

(6) % t) F( U ):=Fo £ + () ( w )-F( W ). 

Clearly, it is well defined except on a tt x P-null set N. In the following, 
we always put D( u ^F(lu) = for (u, t, u) G N. For a </> G L 1 , the divergence 
operator 5 is defined by 

-I 



£(</>) (w) := J J ^{u,t,e^u)jjLu{du,dt). 

We need the following simple lemma. 

Lemma 3.1. For any <j) E'if, we have 

5{4>){ijj)= [ [ 4 > (u,t,uj)fi (Aj (du,dt). 
Jo Jv 

Proof. Let <j) e ^ have the form (2). Notice that for any A G T to and 

t>t ,ueU, 
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Since g is bounded and B(U) x .T^ -measurable, by the monotone class the- 
orem, we have for any t > to 

9{u,e^ t) u)=g(u,uj). 

Hence, 

6(4>)(u) = J l ( i 0)tl] (t) • e^ jt jw)/i w (du J (it) 

= / 1 (*o >*i](*) ■ g{u,uj)j2 L0 (du,dt) 
-I 

(j)(u,t,u)jl l j(du,dt) 



JU 



The result follows. □ 



The following integration by parts formula can be found in [11], Lemma 
1.4. 

Theorem 3.2. Let </> S L 1 and F be a bounded random variable. Then 
E(F6(if>)) = E Qf jf I> (Uit) F • t)vr(dn, dt)) . 

Before proving the Clark-Ocone formula, we recall the following classical 
predictable projection theorem (cf. [19], page 173, Theorem 5.6). 

Lemma 3.3. Let tp be a bounded measurable process on U x [0,1] x Q,. 
There exists a unique (up to indistinguishability with respect to t for each 
u ) predictable process 4> €E such that for every predictable stopping time 
t and u G U 

(7) E(^(u,r)-l {r<ooJ .|Jv_) = 0(«,r)-l {r<oo} , P-a.s. 

We s/ia/Z write as which is called the predictable projection ofip. 

Proof. (Uniqueness) Let <f>\ and <f>2 be two predictable projections of 
ip. Set 

A := {(u,t,u)):<j)\{u,t,ui) / </> 2 (tt,t,w)}. 

Then for each u € U, the section n n (^4) := {(t,u)) : (u,t,to) € A} £ V. By 
the section theorem (cf. [19], page 172, Theorem 5.5) and (7), we have 
P(n(n u (A))) = 0, where U(U U (A)) = {lu : (t,uj) eU u (A),3t e [0,1]}. Hence, 
for every u € U, 0i(u, •, •) and (feC^i •) are indistinguishability. 

(Existence) Let M be the class of all bounded measurable processes ip 
possessing a predictable projection. It is clear that M is a vector space 
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containing the constants. Moreover, A4 is also a monotone class. In fact, let 
ipn € M be a uniformly bounded increasing sequence with limit ip. Let 4>n be 
the corresponding predictable projection of ip n . It is then easily checked by 
the monotone convergence theorem that lim <p n is the predictable projection 

of ij). 

Hence, it is enough to prove that A4 contains all the processes of the form 
ij)(u,t,uj) = l[o,t ](t) ■ g(u,uj), which generates the a-field B(U) x £>([0, 1]) x 
JT P , where g is bounded and S(U) x J rP -measurable. Define 

By Doob's optional stopping theorem, one then finds that such (ft is a pre- 
dictable projection of tp. The proof is complete. □ 

We now prove the following Clark-Ocone formula. 

Theorem 3.4. Let F be any bounded random variable on £1. Then 

(8) F = EF + £jjD (Utt) Ffi(du,dt), 

where P D( U ^F E HJp RL^ is the predictable projection of D^ u t ^F . Moreover, 

2 

< +oo. 



E (£j/ D (u,t)F\ 2 *(du,dt) 



Proof. It is well known that there exists a predictable process tp € l3p 
such that (cf. [7]) 



1(F) + / / tp(u,t)p,(du,dt). 
Jo Ju 



F = E( 

/o 

By Lemma 3.1 and the isometry formula of the stochastic integral, we have 
for any (p € ^ 



(9) K(F6((f>))=K^f J ip(u,t)-<p(u,t)<ir(du,dt)). 

On the other hand, by Theorem 3.2 and Fubini's theorem, we have for any 

E(F$(0)) = E (J^J v D (u,t)F ■ t)7r(du, dt)) 

= [ [ E(E(D {Utt) F\ff_) ■ <P(u,t))Tr(du,dt), 

do) J \ k 

[by (7)]= / / E(?D M F-<l>(u,t)Mdu,dt) 
Jo Jv 

= E^J p D {u>t) F ■ (f>(u, t)ir(du, dt) 
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The formula (8) now follows by combining (9), (10) and Lemma 2.2. 
By BDG's inequality (cf. [5], Theorem 4.1.12) and (8), we have 

E {Io l/ D (n,t)F\ 2 ^(du,dt)y < CE^JjD M Ffi(du,dt) 

< CE(F-EF) 4 , 
where C is a universal constant. Hence, 

|2_/, ^ rtml / / ion t^i2~, 



E U J/ D iu,t) F \ *(du,dt)j < CE(J JjD^ t) F\^(du,dt) 

+ CE^JjD^ t) F\ 2 fi(du,dt)y 

<GE(J JjD {Utt) F\ A n{du,dt) 

+ CE(F - EF) 4 
= CE^JjD^ t) F\\(du,dt) 

+ CE(F - EF) 4 < +oo. 

The proof is complete. □ 

Remark 3.5. In general, it is not known whether M(D^ u ^F\J-f_) is 
predictable, although for fixed (u,t) € U x [0, 1], E(D iu>t) F\ff_) =PD {u>t) F 
a.s. by (7). However, L0kka in [8], Theorem 7 and Proposition 10, proved 
that for Levy functional F, if F belongs to the first-order Sobolev space, 
(u, t) i— > E(D^ u ^F\J :r f_) is predictable. Compared with L0kka's result, The- 
orem 3.4 only requires that F is bounded, and more importantly, the bound 
of p D( u t -jF can be explicitly calculated from F, which is crucial for the next 
section. Moreover, this would also have some applications in mathematical 
finance as in [8], Section 5. 

4. Variational representation formula. We begin with the following ele- 
mentary lemma. 

Lemma 4.1. Let cq > —1. Then for some C > and any x>cq, 

(11) log(l + x)| <C\x\, | log(l + z) - ac| <C|x| 2 
and 

(12) |(l + x)log(l+x)-x| <C|x| 2 . 
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Let 4> £ be a bounded predictable process satisfying 

(13) 4>(u,t,u) > > — 1 
and 

(14) E (i)/ c t ) ( u ^) 2 ' K ( du ^ dt )j <+°°> 

and such that t i— ► <£t(</>) is a square integrable ^"-martingale, where 

4(0) := exp( / / log(l + 4>(u, s))p,(du, ds) 
, , Uoju 

(15) 

+ / / pog(l + ^(«,a))-^(«,a)]7r(d«,da)l. 
j o Jv J 

By (11), &t(4>) is wen defined. All such predictable processes will be denoted 
by <S. 

Proposition 4.2. Let < Co < F <c\ be a random variable on $7. Then 
for some <j) 

E(F\F t )=EF •<%((!>), Vie [0,1]. 

More precisely, 

p D (u t) F 

(16) 0( M) = _^|_ nxF-a.s. 



Proof. By Theorem 3.4, we have 

° T \u,s) 



Mf.= E(F\f t )=EF+ \ \ PD M Ffl(du,ds). 



o Ju 

Let <j> be given by (16). Then, it is clear by Theorem 3.4 that <f) € L|> n L!p 
and (14) holds. For (13), it only needs to notice that by (7) and (6) 

. E(Fo £ + f) |^-) 
0(U '* )= E(F|^_) 1 

> — - 1, vr x P-a.s. 

ci 

On the other hand, if we define 

X t := I [ (f)(u,s)fl(du,ds), 
Jo Jv 

then by <j> G Lp, X is a square-integrable -martingale, AX S > — 1, and 



ft 

M t = EF+ / M s _dX s . 
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By [14], page 84, Theorem 37, we have 

M t = EF ■ exp{X t } ■ [] [(1 + AX S ) • exp{-AX,}] 

0<s<t 

(17) 

= EF-exp|x f + [log(l + AX s )-AX s ]l. 

I 0<s<t J 

Observing that by (11) 

V [log(l + AX S ) - AX S ] = f f \log(l + <j>(u,s))-<f>(u,3)]fJi(du,d8) 

Jo Jv 



0<s<t 

c1 



[log(l + (f>(u, s)) - 4>{u, s)]fi(du, ds) 

oJv 

+ / [ [log(l + (j)(u,s))-<j)(u,s)]n(du,ds), 
Jo Jv 

we obtain by substituting this into (17) 

E(F\F t )=M t = KF ■£(</>), 

which then implies that t 1— » £t{4>) is a square integrable J-f -martingale, and 
so <j> G Sf . □ 

Proposition 4.3. For <f> £ £f , define a new probability measure on 

by 

(18) tflfy:=<ft(0)dP, 
i/ien for any tp G Lip , 

1 1— > / / ip(u,s)p,(du,ds) — / / if>(u,s)(j)(u,s)ir(du,ds) 
Jo Jv Jo Jv 

is a square integrable J-f -martingale under P^. 

Proof. Note that by Ito's formula, solves the following linear 

equation: 

4(0) = 1+ /V <^-(0)-0(«,a)/i(d«,<fe)- 
Jo 

If we put Z t := J f v ^(u, s)ji(du,ds), then 

(Z,^{<f>)) t = f f £ s -{<l>)-il;{u,s)<l>{u,s)it{du,ds). 
Jo Jv 
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By the Meyer-Girsanov theorem (cf. [14], page 133, Theorem 36), we know 
that 

is a square integrable .Ff -martingale under P<*. The result follows. □ 

We may prove the following representation formula. 

Theorem 4.4. Let F be a bounded random variable on £1. Then 
(19) -logE( e - F )= inf E P ^(F + L((^)), 

where P^ is defined by (18), and 
i 



(20) L(<t>):= [{l + (/)(u,s))log{l + (t>(u,s))-<t){u,s)}ir(du,ds) 
Jo Jv 

is well defined by (12). Moreover, the infimum is uniquely attained at some 
</>€&. 

Proof. For any cf) € 5f , by Jensen's inequality, we have 
-logE(e- F ) = -\ogE^(e- F - lo ^ dF ^) 
<E F ^(F) + R(F 4 ,\\F). 

By (18) and (15), we have 

R(F4F) = E p ^ ( f f log(l + <t>(u, s))jl(du, ds) 
\Jo Jv 

+ f f [log{l + 4>{u,s))-(f>(u,s)}ir(du,ds)). 
Jo Jv / 

By Proposition 4.3, we know that 
ti—y / log(l + (j)(u, s))p,(du,ds) — / / 4>(u, s)log(l + 4>(u, s))tr(du,ds) 



JV JO JV 



is a square integrable J-f -martingale under Pa. Hence, by (12), (14) and 
Holder's inequality, 

i?(P^||P) = E p ^ Qj^Kl + <P(u, «)) log(l + </>(u, s)) - <P(u, s)]ir(du, ds) 

<r(Si(</>) ■ J J \((){u,s)\ 2 7r(du,ds)^ < +oo. 
Thus, the upper bound is obtained. 
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For the lower bound, by Proposition 4.2, there exists a <fi G <S such that 
E(e~ F ) = e~ F ■ <?f 1 (</>). Thus, we have 

- logE(e~ F ) = E P *(F) + i*(P*||P) = E P ^(F + 1(0)). 

The uniqueness follows from that when the infimum is attained, then Jensen's 
inequality becomes an equality. The proof is thus complete. □ 

We now turn to proving another representation like (1) about the formula 
(19), which was conjectured by Dupuis and Ellis [4], page 122. For further 
discussions, we need to consider a noncompact locally compact connected 
complete metric space (U, p), and assume that: 

(HI) For each <f> G £f , there exists an invertible transformation with respect 
to u, 

7^ : U x [0, 1] x n -» U, U9!i^7^(«,t,w)GU, 

such that 

(i) 7 ^^gS(U)xP/B(U); 

(ii) v o 7" 1 = (1 + 0) ■ v, that is, for (ds x <iP)-almost all (s,w) G 
[0, 1] xO and any bounded measurable function / on U 

/ f(7<fi(u,s,u))v(du)= f(u)-(l + (f)(u,s,u))i/(du); 
Ju Jv 

(iii) for each t G [0,1], 7&l[o,t] =7*l[o,t] and l^W] =7^ 1 |[o,t], where 
<k :=0-l[o,t]- 

(H2) Let <fi,(j) n £@ satisfy — 1 < cq < <f>, <j) n < c±. If 4> n converges to 4> in 
L|,, then there is a subsequence (still denoted by n) such that for 
(it x P)-almost all (u,s,u), 

lirr^ p{^ n (u, s, u) , 70 (u, s, w)) = lirr^ ,9(7^ (u, s, w), 7^ 1 (u, s, u/)) = 0, 
where p is the metric on U. 

Remark 4.5. The invertibility is understood in the measure sense, that 

is, 

74.(7^ 1 (M,w),i,w) =7^ 1 (7^(n,i,w),t,cj) = u, vr x P-a.s. 

However, by a suitable redefinition procedure, one may assume that the 
above identities hold for all (u, t, cj) G U X [0, 1] X f2. In fact, for some (dt x P)- 
null set A G V and each (t, u) £ A, there exists a z^-null set Nn u \ G £>(U) such 
that 7^(-,t, w) is a one-to-one and onto mapping on N^^y Thus, 7^ :=7^ 
and 7^" := 77/ 1 may be redefined as follows: 

;y±( u ,f,a;):=/7jM^)> if (^) eic and u 6 ^(U) > 
<p ' ' ( W) otherwise. 

In the sequel, we still use 7^ to denote these redefinitions. 
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«2 



r + 



u 



► -■ 



-V « 



1] 



Fig. 1. Transformation: T*. 

The above constructed 7^ induce predictable transformations on £2 
as follows (see Figure 1): 

(21) u;^r± w) (u;):=(7jM)*(u;), 

where (7^)*(w) denote the image measures of cj under transformations 
(u, t) 1— > (jj (u,t,uj),t). In particular, for each w£fi, 

( 22 ) rJ H (r^ H ( w )) = r~ H (r+ H H) = w . 

In what follows, we sometimes simply write rj, ^ (resp. as 
(resp. r^)- The following Girsanov theorem can be found in [5], page 165. 

Theorem 4.6. Assume (HI). For any cp€^, the mapping w ^ /i^fu) 
is still a Poisson random measure under P^ with the same intensity measure 
v, where P^ is defined by (18). In particular, 

p^o^n^p, 

where P^ o (r^) -1 denotes the image measure or distribution of lo i— > r^(a;) 
under P^. 

We now prepare several lemmas for later use. The following lemma is 
direct. 



Lemma 4.7. Assume (H2). TTten Po (r^ ) 1 weakly converges to Po 



(T 



±\-i 



as n — > 00 . 



Proof. It only needs to prove that for P-almost all lo £ f2, rjj 1 (cj) con- 



verges to r , {lo) with respect to the weak topology defined by (5). That is, 
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for any / G C C (U x [0,1]), 

As in Remark 4.5, by (H2), we assume that for P-almost all uj and all 
(u,t) eUx [0,1] 

Since / has compact support in U x [0, 1] , we have 

(u,t) £supp(u;) 

- E f(l}(u,t,u;),t) 

(u,t)&upp(uj) 

The result follows. □ 

We introduce the following subclasses of and c €: For — 1 < cq < and 

ci > 0, <p G Sf« C Sf or ^ G ^ C ^ if 

Co < <t> < c\ ■ 
It is noticed that C &g by (3). 

Lemma 4.8. Let — 1 < co < and ci > 0. For any <f> G 5f c Cl , i/tere exists 
a sequence 4> n G suc/i £frai 

(23) lim / / E\(f> n (u,t) - <f>(u, t)| 2 vr (du, dt) = 0, 
n ^°° Jo Vu 

and 

(24) lim E\L((j) n ) -L(4>)\ =0. 

Proof. As in the construction in Lemma 2.2, it is easy to find the 
desired 4> n . As for the limit (24), it follows from the construction of (ft n in 
Lemma 2.2, (12) and the dominated convergence theorem. □ 

Lemma 4.9. Assume (HI). Let g be a bounded J-f -measurable function. 
Then for any 

5 (r±M)= 5 (r±H), F-a.a.u, 

where 4> t = 4>- l[ ,t]- 
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PROOF. By the monotone class theorem, it is enough to consider cylin- 
drical function g with the following form: 

g{u) = hdh,^), . . . , </„, aO), h € C C °°(R B ), fi € C C (U x [0,t]). 

For this type (7, the desired equality follows by direct calculations and (iii) 
of (HI). □ 

The following lemma is crucial for the proof of Theorem 4.11 below. The 
main idea comes from [1, 3] (see also [21]). 

Lemma 4.10. Assume (HI). Let — 1 < Co < and c\ > 0. For any (ft £ 
, there are two (/>,(/>& such that for any bounded random variable F 
on Q, 

(25) E p *(F + L(0))=E(FoI^ + L(0)), 

(26) E v *(F + L((ft)) = E(FoT^ + L(0)), 
where the functional L is defined by (20). Moreover, 

(27) R(Fo (Tp-^P) =E P ^(L(^)) = EL(0). 

Proof. Let G < £^ 1 have the form 

n 

4>(u,t,u) ■■=^2l(t i ,t i+1 ]{t) -9i(u,uj), g { GB(U) x 

i=0 

Let us construct ^ as follows: 

g (u,u) =g (u,u) 

and for i = 1, 2, . . . , n — 1, 
where 

i-1 

4>i(u,t,u) :=^2l(t. >t . +1 ](t) ■ gj(u,u). 

j=0 

Finally, we let 

4>(u,t,u) := 4> n (u,t,uj). 

From the construction, it is clear that (ft € Moreover, it is not hard to 
verify by Lemma 4.9 and induction that (ft satisfies 

(28) ${u,t,u) = <f>(u,t,Tfa ) (u>)). 
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Similarly, one may construct (f> E "J^ 1 such that 

4>(u,t,uj) :=4>(u,t,Tj (uj)). 
As above, by induction, Lemma 4.9 and (22), one can verify 

(29) c/)(u,t,u) = <j>(u,t,T l tf f j ) (u)). 
Now by Theorem 4.6, we have 

(30) p^o(r^)- 1 = p = p^o(r^)- 1 . 

Hence, we obtain by (22) and (28) 

E ¥ *(F + L$)) = E^(F(r- (r _ } (r^(.))) + L(4>(T^)) 
= E(For^+L(0)), 

as well as by (22) and (29) 

e**(f + m) = E^(F(r- kT jr^.))) + l$(t+))) 

= E(Forr+L(0)). 
Moreover, by (30), (28) and (22), we also have 

and so, 

R(Po (T-y'WF) =R(P $ \\P) =E W *(L(4>)) = E p *(L(0(r^)) = EL(<f>). 
The proof is complete. □ 

We are now in a position to prove our main result in the present paper. 

Theorem 4.11. Assume that (HI) and (H2) hold. Let F be any bounded 
random variable on f2. Then 

- logE(e- F ) = mf E(F o 1^ + L(0)) 
= inf E(ForT + L(0)), 



where L((j>) and are defined by (20) and (21) respectively, and 
(31) a:=e~ 2||F||o ° - 1, (3 := 1 + e 2||F|l °° . 
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PROOF. (Upper bound) Let <fr € . Then 4> G for some Co G (-1,0], 
ci > 0. Let 4> n G < rf c Cl be as in Lemma 4.8. Let (f> n G ^ c Cl be the corresponding 
one constructed in Lemma 4.10. Then, by (19) and (25), 

(32) - logE(e- F ) < E P ^ (F + L(4> n )) = E(F o + L{<j> n )). 

Noting that by (27) and (24) 

supi?(Po(r7 )- 1 ||P)=supEL(0 n )<+cx), 

n v " n 

we have by Lemma 4.7 and (ii) of Lemma 2.5 

n lnnE(For^)=E(For-). 

Hence, by (32) and (24), 

-logE(e- F ) <E(For + L(<A)), 

which gives the upper bound. 

Moreover, by the lower semi-continuity of i?(-||P) (cf. [4], Lemma 1.4.3), 
we also have 

r(f o (r-)- 1 ||P) < lim r(p o (r^n 1 ||P) 

n— >oo 

(33) 

= lim EL((j> n ) < EL(0), for all <f> G <S . 

n— >oo 

(Lower bound) We divide the proof into two steps. 

(Step 1): First of all, let FgC have the following form: 

F(u) =g((h,^),..., (/„,#,)), g G C c °°(IR n ), Si G C C (U x [0, 1]). 

Then, by (6) and a simple calculation, we have 

+ n 
(34) \D (u>t) e- F M\ = |e" F( W) - e ~ F ^\ <Cj2\SiM\, 



i=l 



where C is independent of (u,t,uj) 
Set 



p D (u t )t 



E(e-^|^ t _) 

It is clear by Proposition 4.2 that (/) G where a,/3 are given by (31). 
Let cj) n G ^ be 

as in Lemma 4.8. By (34) and the construction of (fr n , there 
exists a(/cD with v(U) < +oo such that for all n G N 

(35) \(t) n (u,t,uj)\<C -lu(u), vrxP-a.e. 
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By limits (23), (24) and extracting a subsequence if necessary, we may fur- 
ther assume that 

<pn —> <ft, 7T x IP-a.e. 

and 

L(4> n ) L(4>), A(0n) P-a.e. 
By (35) and the dominated convergence theorem, we have 

(36) ¥F^{F + L(cp n )) -^E p ^(F + L(</>)) as rw oo. 
Moreover, by Proposition 4.2, we have 

e -F =E(e- F )£ 1 (<j>). 
So, by (36) and (26), we have for any e > and n large enough 
-logE( e - F ) = E p *(F) + i2(P^||P) 
= E ¥ *(F + L((f>)) 
>E ¥ *"(F + L(<f> n ))-e 
= E(F o TT +L($ n ))-e. 

The lower bound now follows by 4> n £ (see Lemma 4.10). 

(Step 2): For any bounded random variable F on (Q,^F), by Lemma 2.6, 
there exists a sequence F n sC such that 

(37) SUp H-Fnlloo < Halloo 



and 



lim F n = F, P-a.s. 

n— >oo 



For any e > and F n , by Step 1 and (37), there exists a 4> n G ( tf^, where 
a, (3 are given by (31), such that 

(38) - logE(e- F ") > E(F n o T- K + L{4> n )) - e. 

In view of (33), (38) and (37), we have 

sup,R(Po (r, )" 1 ||IP) <supEL(0 n ) < +co. 

n n 

Therefore, by (i) of Lemma 2.5, 

lim E|F n o TT -FoTT |=0. 
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Using the dominated convergence theorem to the left-hand side of (38) gives 
that, for sufficiently large n, 

- logE(e- F ) > E(F o + L(0„)) - 2s. 

Since 4> n € and e is arbitrary, we thus complete the proof of the lower 
bound. □ 

Remark 4.12. By the same argument as in the proof of [1], Theorem 
5.1, the F in Theorem 4.11 can be any random variable bounded from above. 

5. (HI) (H2) and mass transportation problem. In this section we give 
a more concrete description for (H1)-(H2). Let (U, p) be a locally compact 
complete metric space, and v a <7-finite and infinite measure on (U, B(JJ)). 
Let % be the set of all positive measurable functions on U bounded from 
above and also from below. 

Question. Under what constraints, for each cj) £ , does there exist a 
unique invertible measurable transformation 7^ on U such that v o 7^" 1 = 
<j> ■ v, that is, 

(39) / f( l4> {u))v{du) = [ f{u)<f>{u)v{du), V/GC C (U)? 

Moreover, for < Co < <j>,<j> n <Ci, if 4> n converges z^-a.e. to (p, does it hold 
that 

( 40 ) ^i^^«( u )>7<^H) = ^i^p(70„ 1 (^))7^ 1 («)) = O I f-a-a. ul 

Obviously, if this question has a solution, then (HI) and (H2) are sat- 
isfied. We remark that the required predictability follows from continuous 
dependence (40) with respect to <f>. In the classical problem of optimal mass 
transportation, the constraint is given by minimizing the following cost func- 
tional (cf. [20]): 

inf / c(p(u,^(u)))u(du), 

where c is a convex function on R + . 

Let us look at the case of U = M. d and i/(dx) = 9{x) dx. It is clear that (39) 
can be reduced to 

0(7^ 1 (^))det(V 7 ^ 1 (^)) = ^)^(^), 

where V denotes the gradient. If we further require that "f^ix) is the gradi- 
ent of some strictly convex function h(x), then we need to solve the following 
classical Monge-Ampere equation: 

e(Vh(x)) det(V 2 /i(x)) = <j>(x)6{x). 
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For this equation, there are many literatures to study it, for example, see 
[20] and references therein. Since our problem is looser, we can find an easy 
solution when U = R rf . 

Let us first see the one-dimensional case. Let v have full support and no 
atoms. There are three possibilities: 

(1) i/([0,+oo)) = i/((-oo,0]) = +oo, 

(2) i/([0,+oo)) = +oo, i/((-c», 0]) < +oo, 

(3) i/([0,+oo)) < +00, z/((-oo,0]) = +oo. 

It suffices to consider the first case. The others are analogous. Let <j> G & . 
In the first case, note that for x > 



:= / 4>(u)v{du) and <£_(x) := 
Jo 



cj)(u)v{du) 



are strictly increasing continuous functions on [0, +oo), and <3?±(+oo) = +oo. 
Define for x > 

^(x) := $;V(M)), 1<p {-x) := -$z\i>([-x,0])). 

It is clear that 7^ is an invertible continuous transformation of R, and for 
any a <b, 



(41) 



which means v o - 



KM) 



7^(6) 
70(a) 



4>(u)v(du), 



I4, 

We now verify (40). For < Co < <f>, 4> n < C\, assume that <j) n converges 
z^-a.s. to <f>. Noticing that by (41) 



/ 

Jo 



70 n (x) 



(t> n {u)v(du) 



70 (x) 



4>{u)v{du), 



we have by the dominated convergence theorem 



70„ (aO 
70(^) 



u(du) 



< 



1 

Co 
1 

Co 



70„ (x) 



70 (x) 
70 (x) 



4> n (u)is(du) 







(</>n(«) ~ <j>{u))u{du) 



0. 



Since has full support in R, it follows that 
Similarly, 

r7^(*) 



lim 

n— »oo 



(0 n (w) - (j)(u))v{du) 
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For the multi-dimensional case, we assume that v has full support and no 
charges on d — 1-dimensional subspaces, and one of the following conditions 
holds: For any Xi G M. — {0}, i = 2, . . . , d, let x^ = xi V and x~ = x% A 0, 




Remark 5.1. Let 9 > Co > be a continuous function on Mr. If v{dx) = 
9{x) dx, then (3') holds. 

We consider the first case. The others are analogous. Without loss of 
generality, we assume d = 2 and fix a <fi G % . For xi,x 2 G R, with X2 ^ let 
a. < j > (x\,x 2 ) and (3(j>{x\,X2) be the unique elements in R such that 

/xi rxj ra</,(xi,X2) rx 2 

_ dv= (fidv 
-OCW2 2 J —CO J X 2 

and 

r/3^xi,X2) rx% rxi rx+ 

/ du= cfidv. 

J— oo iij J—ooJx 2 

For X2 = 0, set a^(xi,0) = xi = /^(xi,0). By the assumption (1'), and 
are well defined functions on R x R, and 0^(00, 22) = /3(oo, X2) = 00. 
Thus, we may define for (x\,X2) G R 2 

l(t > (xi,X2) = (a < p(x 1 ,X2),x 2 ) 

and 

1^ 1 {X1 1 X 2 ) = (/3 <j) (x 1 ,X2),X2). 

It is easy to see that 

a ( j > (P < f,(xi,X2),X2) = (3<j,(a <j) (x 1 ,X2),X2) = (x 1 ,x 2 ) 

and 

70 % 1 (x 1 ,x 2 ) =7«^ 1 J<p{xi,x 2 ) = (xi,x 2 ). 

Let < Co < 4>, (fin < Ci and n converge z/-a.s. to <fi. As in the one- 
dimensional case, one can prove 

lim \a <t>n (xi,X2) - a <t> (xi,x 2 )\ = 
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and 

lim \/3 rj>n {x l ,x 2 ) - f3<f>(x 1 ,x 2 )\ = 0. 

n — >oo 

Hence, 

lirn ) |7 9in (xi,X2) -l4,{xi,x 2 ) \ =0 

and 

i-^o' 7 ^ 1 ( Xl ' rE2 ) -i^ 1 (x 1 ,x 2 )\ = 0. 

Summarizing the above discussions, we obtain the following result by 
Theorem 4.11 and Remark 4.12 when U = M. d . 

Theorem 5.2. Let is be a a -finite and infinite measure on M. d with full 
support in M. d and without charges on any d— 1- dimensional subspaces. As- 
sume that one of (l'), (§f) and (3) holds. Then, for any random variable 
F on SI bounded from above, 

-logE(e- F )=infE(For^+L(^)), 
where L(c/)) and are defined respectively by (20) and (21). 

Acknowledgments. The author would like to thank Professor Benjamin 
Goldys for providing him an excellent environment to work in the University 
of New South Wales. He is also very grateful to Professor Jiagang Ren for 
his valuable suggestions. 

REFERENCES 

[1] Boue, M. and Dupuis, P. (1998). A variational representation for certain functionals 
of Brownian motion. Ann. Probab. 26 1641-1659. MR1675051 

[2] Boue, M., Dupuis, P. and Ellis, R. S. (2000). Large deviations for small noise 
diffusions with discontinuous statistics. Probab. Theory Related Fields 116 125- 
149. MR1736592 

[3] Budhiraja, A. and Dupuis, P. (2000). A variational representation for positive 
functionals of infinite dimensional Brownian motion. Probab. Math. Statist. 20 
39-61. MR1785237 

[4] Dupuis, P. and Ellis, R. S. (1997). A Weak Convergence Approach to the Theory 
of Large Deviations. Wiley, New York. MR1431744 

[5] Bichteler, K. (2002). Stochastic Integration with Jumps. Encyclopedia of Mathe- 
matics and Its Applications 89. Cambridge Univ. Press, Cambridge. MR1906715 

[6] Cohn, D. L. (1980). Measure Theory. Birkhauser, Boston, MA. MR578344 

[7] Jacod, J. (1974/75). Multivariate point processes: Predictable projection, Radon- 
Nikodym derivatives, representation of martingales. Z. Wahrsch. Verw. Gebiete 
31 235-253. MR0380978 

[8] L0KKA, A. (2004). Martingale representation of functionals of Levy processes. Stoch. 
Anal. Appl. 22 867-892. MR2062949 



CLARK-OCONE FORMULA AND POISSON FUNCTIONALS 



25 



[9] Nualart, D. and Schoutens, W. (2000). Chaotic and predictable representations 
for Levy processes. Stochastic Process. Appl. 90 109-122. MR1787127 

[10] Parthasarathy, K. R. (1967). Probability Measures on Metric Spaces. Academic 
Press, New York. MR0226684 

[11] Picard, J. (1996). On the existence of smooth densities for jump processes. Probab. 
Theory Related Fields 105 481-511. MR1402654 

[12] Picard, J. (1996). Formules de dualite sur l'espace de Poisson. Ann. Inst. H. 
Poincare Probab. Statist. 32 509-548. MR1411270 

[13] Prat, J. -J. and Privault, N. (1999). Explicit stochastic analysis of Brownian mo- 
tion and point measures on Riemannian manifolds. J. Fund. Anal. 167 201-242. 
MR1710625 

[14] Protter, P. E. (2004). Stochastic Integration and Differential Equations, 2nd ed. 
Springer, Berlin. MR2020294 

[15] Pugachev, O. V. (2002). The space of simple configurations is a Polish space. Mat. 
Zametki 71 581-589. MR1913587 

[16] Ren, J. and Zhang, X. (2005). Schilder theorem for the Brownian motion on the 
diffeomorphism group of the circle. J. Fund. Anal. 224 107-133. MR2139106 

[17] Ren, J. and Zhang, X. (2005). Freidlin-WentzelPs large deviations for homeomor- 
phism flows of non-Lipschitz SDEs. Bull. Set. Math. 129 643-655. MR2166732 

[18] Ren, J. and Zhang, X. (2008). Freidlin-Wentzell's large deviations for stochastic 
evolution equations. J. Fund. Anal. 254 3148-3172. MR2418622 

[19] Revuz, D. and Yor, M. (1994). Continuous Martingales and Brownian Motion, 2nd 
ed. Grundlehren der Mathematischen Wissenschaften [Fundamental Principles 
of Mathematical Sciences] 293. Springer, Berlin. MR1303781 

[20] Villani, C. (2003). Topics in Optimal Transportation. Graduate Studies in Mathe- 
matics 58. Amer. Math. Soc, Providence, RI. MR1964483 

[21] Zhang, X. (2009). A variational representation for random functionals on abstract 
Wiener spaces. Preprint. 

School of Mathematics and Statistics 

University of New South Wales 

Sydney, 2052 

Australia 

and 

Department of Mathematics 

Huazhong University of Science and Technology 
Wuhan, Hubei 430074 
P. R. China 

E-MAIL: XichengZhang@gmail.com 



